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Our main purpose is to characterize the class of almost perfect
domains (introduced by Bazzoni and Salce [S. Bazzoni, L. Salce,
Almost perfect domains, Colloq. Math. 95 (2003) 285–301]) by
weak-injectivity. Weak-injective modules have been discussed by
Lee [S.B. Lee, Weak-injective modules, Comm. Algebra 34 (2006)
361–370; S.B. Lee, A note on the Matlis category equivalence,
J. Algebra 299 (2006) 854–862]. Here we add some more results
on weak-injective modules before we give several characterizations
of almost perfect domains.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
In this note, R will denote a commutative domain with 1 and Q (= R) its ﬁeld of quotients. The
R-module Q /R will be denoted by K .
Recently, the notion of almost perfect domains has been introduced by Bazzoni and Salce [2] as
domains all of whose proper quotients are perfect rings in the sense of Bass (i.e. they have DCC on
principal ideals). In addition to admitting various interesting characterizations (e.g. all Matlis-cotorsion
modules are Enochs-cotorsion, or ﬂat modules are strongly ﬂat), these domains have already been the
topics of several research papers. We wish to add new characterizations in terms of weak-injectivity
(see Theorem 6.3, Corollary 6.4).
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Ext1R(A,M) = 0 for all R-modules A of weak dimension  1. In general, the class of weak-injectives
lies strictly between the classes of h-divisible and injective R-modules. For their main properties we
refer to papers [8,9].
In Sections 2 and 3, we discuss several features of weak-injective modules. We establish the exis-
tence of a universal test module for weak-injectivity, i.e. an R-module U such that Ext1R(U ,N) = 0 for
any R-module N implies that N is weak-injective, no matter how large the cardinality of N is (The-
orem 2.3). Furthermore, for the weak-injective envelope of a module N , we show that it is a direct
sum of copies of Q if and only if N is a ﬂat R-module.
In Section 4, we prove two results on weak-injectives related to Hom. Section 5 introduces the
concept of weak-injective dimension. We relate it to the Enochs-cotorsion dimension discussed by
Mao and Ding [10]: in most cases the difference is 1 in favor of the weak-injective dimension (Theo-
rem 5.3).
Section 6 deals with the global weak-injective dimension of a domain R . It turns out that this
dimension is equal to the supremum of projective dimensions of R-modules of weak dimension 1.
Our main result is Theorem 6.3 stating that a domain R is almost perfect if and only if its global
weak-injective dimension is 1. (This should be compared to the fact that R is Dedekind exactly if its
global injective dimension is 1.) This yields several other possibilities for characterizing almost perfect
domains; cf. Corollary 6.4.
Let us mention that there is a slight overlap with a recent paper [12] by L. Salce which contains
several characterizations of almost perfect domains, including our Corollary 6.4(b), using a different
approach.
For unexplained deﬁnitions and terminology, we refer to Fuchs and Salce [6] and Göbel and Trli-
faj [7].
2. Test module for weak-injectivity
We start by recalling a few deﬁnitions. An R-module D is called h-divisible if it is an epic image
of an injective R-module. It is weak-injective if it satisﬁes Ext1R(A, D) = 0 for all R-modules A of
weak dimension  1; equivalently, ExtiR(A, D) = 0 for all i  1 and R-modules A of weak dimension
 1. It is evident that direct products and summands of weak-injective R-modules are again weak-
injective. Since Ext1R(K , D) = 0 implies that D is h-divisible (see [6, Lemma 2.1, p. 251]), weak-injective
modules are h-divisible. Thus the following implications hold: injective ⇒ divisible and pure-injective
⇒ weak-injective ⇒ h-divisible. As far as the reverse implications are concerned, we know that all
weak-injective R-modules are injective if and only if R is a Prüfer domain. Domains for which all
h-divisible R-modules are weak-injective will be discussed in detail in Section 5 below.
It might be helpful to point out that the class F1 of modules of weak dimension  1 and the class
W of weak-injective modules form a cotorsion theory in the sense of Salce [11] (i.e. Ext1(A,M) = 0
holds for all A ∈ F1 if and only if M ∈ W and vice-versa) and so do the classes P1 of modules
of projective dimension  1 and D of divisible modules; for more cf. Göbel and Trlifaj [7]. (In the
standard notation: F1 =⊥ W , W = F⊥1 and P1 =⊥ D, D = P⊥1 .)
Baer’s well-known criterion of injectivity asserts that an R-module M is injective if and only if
Ext1R(U ,M) = 0 for the module U that is the direct sum of all cyclic modules R/I with I running
over the non-zero ideals I of R . We wonder if there is a similar ‘test module’ U for weak-injectivity.
The answer is in the aﬃrmative; see the next theorem. For its proof we require a lemma which is of
independent interest. (This lemma is actually a special case of Theorem 8 in Eklof and Trlifaj [4] once
one observes that the class of F1 consists of all A satisfying Ext1R(A,C) = 0 with C in the class of
divisible pure-injectives; however, we prefer to give an independent proof that is a bit shorter than
that of Theorem 8.)
Lemma 2.1. Every R-module A of weak dimension  1 admits a continuous well-ordered ascending chain
0 = A0 < A1 < · · · < Aα < · · · < Aτ = A
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(i) |Aα+1/Aα | κ , and
(ii) Aα+1/Aα is of weak dimension  1.
Here κ denotes (the smallest) inﬁnite cardinal  |R|.
Proof. Let 0 → B → F → A → 0 be a free resolution of A; i.e. F is a free and B is a ﬂat module.
It is well known that in every R-module A any element can be embedded in a pure submodule
generated by at most κ elements, where κ is the cardinal deﬁned in the theorem. Using a routine
back-and-forth argument, we can construct continuous well-ordered ascending chains
0 = B0 < B1 < · · · < Bα < · · · < Bτ = B
and
0 = F0 < F1 < · · · < Fα < · · · < Fτ = F
of submodules, for some ordinal τ , such that for each α < τ
(a) Fα is a summand of F ;
(b) Bα is a pure (and hence ﬂat) submodule of B;
(c) Bα = B ∩ Fα ;
(d) |Fα+1/Fα | κ .
We then have a diagram
0 Bα Fα Aα = Fα/Bα 0
0 Bα+1 Fα+1 Aα+1 = Fα+1/Bα+1 0
0 Bα+1/Bα Fα+1/Fα Aα+1/Aα 0,
with exact rows and columns, where the vertical maps in the ﬁrst set are monic and those in the
second set are epic (refer to the 3 × 3-lemma). Note that the last map in the ﬁrst set is the natural
injection Aα → Aα+1 when Aα is identiﬁed with Fα/Bα = Fα/(B ∩ Fα) ∼= (B + Fα)/B . Condition (d)
implies that (i) holds. For (ii) observe that in the last row the module Bα+1/Bα is ﬂat (since ﬂat mod-
ulo pure submodule is ﬂat), while Fα+1/Fα is free, so Aα+1/Aα has weak dimension  1. Therefore,
the chain 0 = A0 < A1 < · · · < Aα < · · · < Aτ = A is as desired. 
Let us pause for a moment to formulate a general version of the preceding lemma, using Fuchs
and Lee [5, Theorem 2.1]. Recall that an H(κ)-family H of a module A is deﬁned by the properties:
(i) 0, A ∈ H; (ii) H is closed under arbitrary sums; (iii) if B ∈ H and X is a subset of A with |X | κ ,
then there exists a C ∈ H such that B ∪ X ⊆ C and C/B is  κ-generated.
Corollary 2.2. Assume that the inﬁnite cardinal κ satisﬁes κ  |R|. Then every R-module of weak dimension
 1 admits an H(κ)-family H of submodules of weak dimension  1.
We can now establish the existence of test modules.
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such that Ext1R(U ,M) = 0 implies that M is weak-injective. U can be chosen such that |U | 2κ .
Proof. Let U denote the direct sum of all pairwise non-isomorphic R-modules of weak dimension
 1 that can be generated by  κ elements, and assume that M is such that Ext1R(U ,M) = 0 for
this U . Let A be an arbitrary R-module of weak dimension  1. In view of the preceding lemma,
A admits a continuous well-ordered ascending chain of submodules Aα (α < τ ) such that the factors
are summands of U , so by hypothesis they satisfy Ext1R(Aα+1/Aα,M) = 0. It suﬃces to appeal to a
lemma by Eklof (see e.g. Fuchs and Salce [6, Lemma 2.5, p. 202]) to conclude that Ext1R(A,M) = 0 as
well. 
We can add that U can be chosen to be h-divisible. Indeed, this follows at once from the following
lemma.
Lemma 2.4 (Lee [9, Proposition 2.4]). Every R-module A can be embedded in an h-divisible module D such
that D/A is of weak dimension  1.
3. Weak-injective modules
Now we turn our attention to strengthening Lemma 2.4 by proving the following lemma that
contains important information about the cokernels of the embeddings in weak-injective modules.
Lemma 3.1. For every R-module N there exists an exact sequence
0 → N → W (N) → W (N)/N → 0 (1)
where W (N) denotes the weak-injective envelope of N and W (N)/N is of weak dimension 1.
Proof. In Lee [8, Theorem 4.1], it was shown that the class of R-modules of weak dimension  1 and
the class of weak-injectives form a cotorsion theory. Since the class of weak-injective R-modules is
closed under extensions and contains the class of injective R-modules, this cotorsion theory is perfect
(see Trlifaj [13, Lemma 1.9] or Göbel and Trlifaj [7, p. 98]). Hence every R-module N admits a weak-
injective envelope W (N) such that the cokernel W (N)/N belongs to the class of modules of weak
dimension  1. 
It is worth while pointing out an interesting dual to [9, Theorem 3.4] (which says that an R-module
is weak-injective exactly if its ﬂat cover is a direct sum of copies of Q ):
Proposition 3.2. The weak-injective envelope of an R-module N is a direct sum of copies of Q if and only if N
is ﬂat.
Proof. The proof is straightforward using the fact that a submodule N of a direct sum D of copies of
Q is ﬂat if and only if D/N is of weak dimension  1. 
4. Weak-injective modules and Hom
It is trivial to show that an R-module F is ﬂat if and only if HomR(F , E) is injective for every
injective R-module E . Similarly, an R-module A is torsion-free if and only if HomR(A, E) is weak-
injective for every injective R-module E . If in this result we only assume that E is weak-injective,
then we are led to:
Theorem 4.1. An R-module D is weak-injective if and only if HomR(F , D) is weak-injective for every ﬂat
R-module F .
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of weak dimension  1 and 0 → F1 → F0 → A → 0 a free resolution of A; thus F0 is free and F1
is ﬂat. Then for a ﬂat module F we have an induced exact sequence 0 → F1 ⊗R F → F0 ⊗R F →
A ⊗R F → 0, which in turn induces an exact sequence HomR(F0 ⊗R F , D) → HomR(F1 ⊗R F , D) →
Ext1R(A ⊗R F , D) = 0. Here the Ext is 0, since A ⊗ F is of weak dimension  1, so the natural map
between the two Homs is surjective. The given exact sequence gives rise to the exact sequence
HomR
(
F0,HomR(F , D)
)→ HomR(F1,HomR(F , D))
→ Ext1R
(
A,HomR(F , D)
)→ Ext1R(F0,HomR(F , D))= 0.
Since HomR(F0 ⊗R F , D) ∼= HomR(F0,Hom(F , D)) and HomR(F1 ⊗R F , D) ∼= HomR(F1,HomR(F , D))
naturally, we must have Ext1R(A,HomR(F , D)) = 0, completing the proof. 
It is an immediate corollary to the preceding proposition:
Corollary 4.2. An R-module D is h-divisible and pure-injective if and only if HomR(F , D) is h-divisible pure-
injective for every ﬂat R-module F .
Proof. To prove the “only if” part, suppose D is h-divisible and pure-injective. In view of Lee [8,
Theorem 3.3] it is also weak-injective, so from the preceding theorem it follows that HomR(F , D) is
weak-injective for every ﬂat F . As D is pure-injective, the same holds for HomR(F , D), thus this Hom
is h-divisible and pure-injective, as claimed. 
This corollary is different from Theorem 4.1 provided the class of weak-injective R-modules does
not coincide with the class of h-divisible pure-injective R-modules. Recently, the authors have shown
that these two classes are indeed different in general.
We also have a sort of dual to the preceding theorem:
Theorem 4.3. For an R-module A, the following are equivalent:
(a) HomR(A,M) is weak-injective for every weak-injective R-module M.
(b) A is a ﬂat R-module.
Proof. (b) ⇒ (a) is included in Theorem 4.1.
(a) ⇒ (b) We will use the property, proved by Lee [8], that an R-module A is torsion-free if and
only if its character module HomZ(A,Q/Z) is weak-injective. First we show that if an R-module A
has property (a), then A ⊗R B is torsion-free for every torsion-free R-module B . Indeed, the natural
isomorphism
HomZ(A ⊗R B,Q/Z) ∼= HomR
(
A,HomZ(B,Q/Z)
)
(where the last Hom is weak-injective) shows that if A satisﬁes (a), then the right hand side is weak-
injective. Thus the left hand side is weak-injective, which amounts to the torsion-freeness of A ⊗R B .
(Choosing B = R , it follows that every module A with property (a) has to be torsion-free.)
Finally, by way of contradiction, suppose that A satisﬁes (a) and is not ﬂat. Then there exists an
ideal I of R such that the torsion module TorR1 (A, R/I) = 0. The exact sequence 0→ I → R → R/I → 0
induces the exact sequence
0 → TorR1 (A, R/I) → A ⊗R I → A ⊗R R ∼= A → A ⊗R R/I → 0.
Hence it is obvious that A ⊗R I is not torsion-free, and so we can conclude that a non-ﬂat A fails to
have property (a). 
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by “h-divisible pure-injective.” Since character modules are always pure-injective, the preceding proof
requires no modiﬁcation to conclude:
Corollary 4.4. An R-module A has the property that HomR(A,M) is h-divisible pure-injective for every h-
divisible pure-injective R-module M exactly if it is a ﬂat R-module.
5. Weak-injective dimension
By the weak-injective dimension of an R-module M we mean the smallest integer n such that
Extn+1R (A,M) = 0
for all R-modules A of weak dimension  1. It follows that then Extn+iR (A,M) = 0 for all i  1. (Thus
weak-injective dimension 0 means weak-injectivity.) If there is no such integer n, then the dimension
is said to be ∞.
This is an analogue to the concept of Enochs-cotorsion dimension introduced by Mao and
Ding [10]. Recall that an R-module M satisfying Ext1R(F ,M) = 0 for all ﬂat R-modules F is said to
be Enochs-cotorsion. For properties of these cotorsion modules, we refer to Trlifaj [13] and Göbel and
Trlifaj [7]. The Enochs-cotorsion dimension of an R-module M over any ring R is the smallest non-
negative integer n such that Extn+1R (A,M) = 0 for all ﬂat R-modules A. Most of the results of [10] on
Enochs-cotorsion dimension carry over to weak-injective dimension, so we will restrict our consider-
ations to results not covered there. Needless to say, many of our results in this note can be extended
to commutative rings, but we will continue working over domains only.
We generalize Theorem 4.1 as follows.
Theorem 5.1. If A is an R-module of weak dimension  1, then HomR(A, D) has weak-injective dimension
 1 for every weak-injective R-module D.
Proof. In the exact sequence 0 → HomR(A, D) → HomR(F0, D) → HomR(F1, D) → Ext1R(A, D) in-
duced by the exact sequence 0 → F1 → F0 → A → 0 of A with F1 ﬂat and F0 free, the Ext vanishes by
hypothesis. In view of Theorem 4.1, HomR(F1, D) is weak-injective, and of course so is HomR(F0, D).
This implies the claim. 
Now let n be a positive integer.
Corollary 5.2. If A is an R-module of weak dimension  n, then HomR(A, E) is of weak-injective dimension
 n for every injective R-module E.
Proof. This follows by applying a dimension shifting argument to a free presentation 0 → B → F →
A → 0 of A. 
It is of importance to observe that weak-injective dimension is closely related to Enochs-cotorsion
dimension. Indeed, we have:
Theorem 5.3. Assume the R-module M is of Enochs-cotorsion dimension n. Then it has weak-injective dimen-
sion n or n + 1. The dimension is n + 1 whenever Extn+1R (Q ,M) = 0.
Proof. Assume M has Enochs-cotorsion dimension n, i.e. Extn+1R (G,M) = 0 for all ﬂat R-modules G .
Evidently, its weak-injective dimension can not be less than n. Let A be an R-module of weak di-
mension  1 and 0 → F1 → F → A → 0 a presentation of A; here F is free and F1 is ﬂat. In
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Extn+2R (A,M) = 0, showing that the weak-injective dimension of M is  n + 1.
Next suppose that M is of weak-injective dimension  n+1. For a ﬂat R-module G form the exact
sequence 0 → G →⊕ Q → A → 0 where w.d. A  1. Assuming that Extn+1R (Q ,M) = 0, the induced
exact sequence 0 = ExtnR(G,M) → Extn+1R (A,M) → Extn+1R (
⊕
Q ,M) shows that the middle term does
not vanish, so the weak-injective dimension of M can not be n. This completes the proof. 
We complement the preceding theorem by observing that the Enochs-cotorsion dimension and the
weak-injective dimension are equal whenever one of them is inﬁnite.
Recall that a domain R is called a Matlis domain if its ﬁeld of quotients Q has projective dimension
1 as an R-module. Thus if R is a Matlis domain, then Extn+1R (Q ,M) = 0 for all n 1. Consequently, for
R-modules of Enochs-cotorsion dimension  1, the weak-injective dimension is equal to the Enochs-
cotorsion dimension plus 1.
It is routine to verify that an R-module M is of projective dimension  n if and only if it is of weak
dimension  n and satisﬁes Extn+1R (M, F ) = 0 for all ﬂat R-modules F . This result has an analogue for
injective dimensions involving weak-injectives.
Proposition 5.4. An R-module M is of injective dimension n if and only if
(a) M is of weak-injective dimension n; and
(b) Extn+1R (D,M) = 0 for all weak-injective R-modules D.
Proof. Proof is straightforward and left to the reader. 
Lemma 5.5. An R-module M satisﬁes ExtnR(M, D) = 0 for some n  1 and for all weak-injective R-modules
D if and only if M is of weak dimension  n.
Proof. For n = 1 this follows from the fact (mentioned above) that the class of modules of weak
dimension  1 and the class of weak injectives form a cotorsion theory (cf. also Lee [8, Theorem 4.1]).
For n > 1, apply induction using a free resolution 0→ N → F → M → 0 and note that Extn−1R (N, D) ∼=
ExtnR(M, D). 
6. Global weak-injective dimension
As is customary for global dimensions, we deﬁne the global weak-injective dimension of R to be the
supremum of weak-injective dimensions of all R-modules.
Theorem 6.1. The global weak-injective dimension of R is equal to the supremum of projective dimensions of
R-modules of weak dimension 1.
Proof. If n denotes the global weak-injective dimension of R , then Extn+1R (A,M) = 0 holds for all R-
modules A of weak dimension  1 and all R-modules M . Hence p.d. A  n is obvious. Conversely, if
for some M , Extn+1R (A,M) = 0 holds for all A with w.d. A  1, then the weak-injective dimension of
M can not exceed n. 
An immediate consequence of this theorem is that for a Prüfer domain R , the global weak-injective
dimension equals the global dimension. Indeed, a domain is a Prüfer domain if (and only if) its global
weak dimension is 1. (By the way, this claim follows trivially from the fact that weak-injectivity and
injectivity coincide for Prüfer domains.)
The following lemma is an analogue of Fuchs and Salce [6, Proposition 2.5(ii), p. 252].
Lemma 6.2. For an h-divisible R-module D, the weak-injective dimension of D is strictly less than the global
weak-injective dimension of R.
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an exact sequence 0 → H → E → D → 0 where E is an injective R-module to argue that ExtnR(A, D) ∼=
Extn+1R (A, H) for all modules A of weak dimension  1. 
Let us consider cases of domains of low global weak-injective dimensions.
It is easy to see that a domain R has global weak-injective dimension 0 if and only if it is a
ﬁeld. In fact, for a ﬁeld, the global weak-injective dimension is evidently 0. On the other hand, global
weak-injective dimension 0 means that every R-module is weak-injective, and hence h-divisible, and
R itself is h-divisible exactly if it is a ﬁeld.
A most interesting case is when R has global weak-injective dimension 1. First we quote a deﬁni-
tion.
Bazzoni and Salce [2] call a ring R almost perfect if all proper factor rings of R are perfect rings.
Almost perfect domains can be characterized in several ways, one of which is that the concepts of
Matlis-cotorsion and Enochs-cotorsion coincide (see also Göbel and Trlifaj [7, p. 172]).
Theorem 6.3. A domain that is not a ﬁeld has global weak-injective dimension 1 if and only if it is an almost
perfect domain.
Proof. First suppose that the global weak-injective dimension of R is 1. If 0 → F →⊕ Q → A → 0
is an exact sequence with F a ﬂat module, then for any R-module M , in the induced exact sequence
Ext1(
⊕
Q ,M) → Ext1(F ,M) → Ext2(A,M) the last term vanishes by hypothesis, since w.d. A  1.
The ﬁrst term also vanishes if M is Matlis-cotorsion; then Ext1(F ,M) = 0 holds for all ﬂat modules F ,
so M is Enochs-cotorsion. Thus R is almost perfect.
Conversely, let R be an almost perfect domain, and D an arbitrary h-divisible R-module. We wish
to show that all such D are weak-injective—this is enough to do for torsion D . There is an exact
sequence 0 → H →⊕ Q → D → 0. Under the Matlis category equivalence, D and the R-completion
H˜ of H correspond to each other. By assumption, H˜ is Enochs-cotorsion, so by Lee [9, Theorem 3.3] D
is weak-injective. Thus Ext1R(A, D) = 0 for all A of weak dimension  1 and for all h-divisible D . For
an arbitrary R-module M , in an injective resolution 0 → M → E → D → 0 we have E injective and
D divisible, thus Ext2R(A,M) ∼= Ext1R(A, D) = 0 for all A of weak dimension  1. This implies that the
weak-injective dimension of M is  1. 
By making use of the equivalence of (b), (c) and (d) proved in Lee [9, Lemma 3.6], we can state:
Corollary 6.4. For a domain R, the following are equivalent:
(a) R is an almost perfect domain;
(b) all divisible (h-divisible) R-modules are weak-injective; i.e. D = W ;
(c) epic images of weak-injective R-modules are weak-injective;
(d) every R-module of weak dimension  1 has projective dimension  1; i.e. F1 = P1;
(e) ﬂat covers of h-divisible modules are direct sums of copies of Q ;
(f) the class of weak-injective modules is a 1-tilting class.
Proof. It remains to verify that (f) is equivalent to the other conditions. (For the concepts in this proof
see [7].) We refer to Göbel and Trlifaj [7, Theorem 5.1.14] that asserts that a class C is 1-tilting if and
only if it is coresolving, special preenveloping, closed under direct sums and direct summands and
⊥C ⊆ P1. Since W is an enveloping class satisfying conditions (b) and (d) above, (f) follows. For the
converse, it is clear that from the cited theorem it follows that (f) implies that F1 ⊆ P1, i.e. condition
(d) holds. 
Remark 6.5. The equivalence (a) ⇔ (d) indicates that in an almost perfect domain the classes of
modules of weak dimension  1 and of projective dimension  1 coincide. Since the existence of
weak-injective envelopes guarantees the existence of F1 covers, we conclude that in an almost perfect
26 L. Fuchs, S.B. Lee / Journal of Algebra 321 (2009) 18–27domain all modules admit projective dimension P1 covers. However, it is an open problem if this
property characterizes the almost perfect domains.
Remark 6.6. Note that property (b) in the preceding corollary shows that over almost perfect do-
mains direct sums of weak-injective modules are weak-injective. Recently, S. Bazzoni has proved the
converse: this property characterizes the almost perfect domains among the integral domains.
Following the suggestion of the referee, we can prove Bazzoni’s theorem in the special case when
the class F1 consists of modules of projective dimensions  n for a ﬁxed integer n. If the class W
is closed under direct sums, then by [7, Corollary 5.1.16] W is an n-tilting class. From Bazzoni and
Štˇovicˇek [3] or from [7, Section 5.2] it follows that tilting classes are of ﬁnite type, thus there exists a
subset S ⊂ F<ω1 such that S⊥ = W , i.e. Ext1(X,M) = 0 for all X ∈ S implies that M ∈ W . Here F<ω1
denotes the class of those modules in F1 that have long projective resolutions with ﬁnitely generated
projective modules; this class is known to coincide with the class P<ω1 of modules in P1 admitting
projective resolutions with ﬁnitely generated projectives (cf. Angeleri Hügel and Trlifaj [1]). But then
D ⊆ S⊥ = W , and from Corollary 6.4 we conclude that R is almost perfect.
Remark 6.7. We also note that it is easy to extend claim (d) to modules of higher weak dimension.
Indeed, it follows by straightforward induction that every R-module of weak dimension  n (where
n 1) has projective dimension  n. Thus almost perfect domains may be characterized by the prop-
erty that the weak and homological dimensions coincide whenever they are  1.
Since an almost perfect domain R is an h-local Matlis domain, it follows that every weak-injective
R-module M is the direct sum of a torsion-free F and a torsion module T ; furthermore, F is a
direct sum of copies of Q , while T has a primary decomposition T =⊕ T P with P ranging over the
maximal ideals of R . For every maximal ideal P , T P is a weak-injective module over the local domain
RP , the localization of R at P ; it is a semi-artinian module, i.e. the union of a well-ordered ascending
chain of submodules Sα (α < τ ) with factors Sα+1/Sα ∼= R/P (simple module).
For examples of almost perfect domains, we refer to Bazzoni and Salce [2]. (Among the coherent
domains, the almost perfect ones are precisely the noetherian domains of Krull dimension 1.)
We proceed to consider the case when the global weak-injective dimension is 2. (The following
theorem for n = 1 is similar to Mao and Ding [10, Theorem 19.2.11] where Enochs-cotorsion dimension
was used rather than weak-injective dimension.)
Theorem 6.8. Suppose that p.d. Q  n for some n 1. R has global weak-injective dimension n + 1 if and
only if all ﬂat R-modules are of projective dimension n (n 1).
Proof. Let F be a ﬂat R-module; embed it in its injective hull to get an exact sequence 0 → F →⊕
Q → A → 0. For an arbitrary R-module M , consider the induced exact sequence
0 = Extn+1R
(⊕
Q ,M
)
→ Extn+1R (F ,M) → Extn+2R (A,M) → Extn+2R
(⊕
Q ,M
)
= 0,
where the two ends are 0 in view of the hypothesis on Q . Thus Extn+1R (F ,M) vanishes if and only if
so does Extn+2R (A,M). The ﬁrst Ext is 0 for all M and for all ﬂat F exactly if p.d. F  n for all ﬂat F .
Since A can be an arbitrary R-module of weak dimension  1, the second Ext is 0 for all M if and
only if the global weak-injective dimension of R is  n + 1, This completes the proof. 
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